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We investigate the sensitivity of reheating history on the abundance of primordial black holes
(PBHs). Contrary to the monochromatic case of mass fraction of PBH, reheating era with different
e-folding and equation-of-state can have a substantial impact on the abundance of PBH with an
extended mass fraction. We demonstrate explicitly this reheating sensitivity in an illustrative model
of single field inflation with a quasi-inflection point, and find that both the peak position and
amplitude of the extended mass fraction as well as the abundance of PBH in DM can vary by many
orders of magnitude, which adds another layer of uncertainty on the PBH scenarios as dark matter.
I. INTRODUCTION
All the possible indications for the very existence of
dark matter (DM) come from the observations of as-
trophysics and cosmology, including the galactic scales
(galaxy rotation curves [1, 2]), galaxy cluster scales (ve-
locity dispersions [3, 4], X-ray radiation, bullet cluster
[5, 6]) and cosmological scales (BBN: big bang nucle-
osynthesis [7], CMB: cosmic microwave background [8],
N-body simulations [9]). It is worth noting that the
modified Newtonian dynamics (MOND) can be unneces-
sary since one can even reproduce the MOND-like behav-
ior by EAGLE’s simulation in Lambda-cold-dark-matter
(ΛCDM) model [10]. However, there is currently no
appealing evidence for DM of particle nature [11], in-
cluding the direct detections (LUX [12], PandaX [13],
XENON1T [14], CDMS [15], ADMX [16]), indirect detec-
tions (ICECUBE [17], Pamela [18], AMS [19], DAMPE
[20]) and collider search (LHC). The above dilemma nat-
urally leads us to an alternative possibility that DM
might be of non-particle nature [21], and only partici-
pates the gravitational interaction. The most promis-
ing candidate along this direction is the primordial black
holes (PBHs) [22–24].
PBHs make a perfect candidate for DM since they are
known as cold, stable and collisionless massive astrophys-
ical compact halo object (MACHO), which could be gen-
erated deep inside the radiation-dominated era therefore
free from BBN constraint on baryonic density. The abun-
dance of PBH in DM has been constrained by means
of the electromagnetic wave (EMW) over the past few
decades [25]. See [26] for the monochromatic mass frac-
tions and [27] for the extended mass fractions. Different
from the EMW, the gravitational wave (GW) from PBHs
provides another powerful detections. Soon after the first
GW detection GW150914 [28], there is a renewing and
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growing interest on PBH as DM by explaining the LIGO
detection from PBHs merger [29–32]. See for the most
recent and comprehensive review on PBH [33].
The major concern of PBH scenario of DM is its un-
certainty from the generation models, formation models,
accretion models and merger models, where a lot of nasty
physics can be involved to make the prediction less trace-
able and varied in general by orders of magnitude, for
example, the shape of the peak [34], the choice of the
window function [35], the effect from quantum diffusion
[36–38], to name a few. In this paper, we investigate the
effect from reheating history on PBH (See [39–45] for the
effect from reheating history on inflation). Remarkably
the abundance of PBH with monochromatic mass frac-
tion is immune from the reheating history [46] . How-
ever, for extended mass fraction of PBH generated from
the collapse of the re-entered primordial fluctuations, the
sensitivity of reheating can have a substantial effect on
the abundance of PBH as we will show explicitly in an
illustrative model with a quasi-inflection point [47] (See
also [48, 49] for the violation of slow-roall approximation
that was initially used in the first version of [47]).
The paper is organized as follows: In Sec.II, the general
formalism of primordial fluctuation is presented along
with an illustrative model with quasi-inflection point. In
Sec.III, the abundance of PBH with extended mass frac-
tion is presented for different reheating histories. Section
IV is devoted to conclusions.
II. SINGLE FIELD INFLATIONARY MODEL
A. An illustrative model
In this section, we will take an illustrative model of
inflation with a quasi-inflection point as introduced in
[47]. The effective potential is
V (φ) =
(
1
2
m2φ2 − 1
3
αvφ3 +
1
4
λφ4
)(
1 + ξφ2
)−2
, (1)
which, under the constraint m2 = λv2, the redefinition
of variable x = φ/v and parameters a = α/λ, b = ξv2,
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2can be recast in dimensionless form
V (x) =
λv4
4b2
U(x) =
λv4
12
x2(6− 4ax+ 3x2)
(1 + bx2)2
, (2)
where λv4/4b2 is the asymptotic value of V (x) so that
U(x) =
b2x2(6− 4ax+ 3x2)
3(1 + bx2)2
, (3)
is normalized as 1 in large x limit. When the parameter
b acquires a critical value
bc = 1− a
2
3
+ ∆(a), (4)
∆(a) =
a2
3
(
9
2a2
− 1
) 2
3
, (5)
the effective potential admits an inflection point at
x0 =
bc − 1 +
√
(bc − 1)2 + a2bc
abc
. (6)
To have a quasi-inflection point, one should shift the pa-
rameter b = bc − β by a small amount β from its critical
value bc. In what follows, we will take the same fiducial
values a = 1, β = 10−4, κ2v2 = 0.108 as in [47], of which
the dimensionless part of effective potential is presented
in the upper left panel in Fig.1.
B. Equation-of-motion
To be general, we take an inflation potential V (φ(t); p)
with a free parameter p to work out the power spectrum.
The equation-of-motion (EOM) is
φ¨ + 3Hφ˙+ V ′(φ; p) = 0; (7)
H2 =
κ2
3
(
1
2
φ˙2 + V (φ; p)
)
; (8)
H˙ = −κ
2
2
φ˙2. (9)
Here the reduced Planck mass 1/κ = 2.435×1018 GeV ≡
MPl. Using dN = −Hdt, and noting that
φ˙ = −Hφ′(N); (10)
φ¨ = −H˙φ′(N) +H2φ′′(N); (11)
=
κ2
2
φ˙2φ′(N) +H2φ′′(N); (12)
=
κ2
2
H2φ′(N)3 +H2φ′′(N), (13)
the EOM becomes
φ′′(N) +
κ2
2
φ′(N)3 − 3φ′(N) + V
′(φ; p)
H2
= 0 (14)
Note that the Hubble parameter can be written in the
form of
H(N ; p)2 =
κ2
3 V (φ(N); p)
1− κ26 φ′(N)2
. (15)
with the help of (8) and (10). For some inflation poten-
tial, the combination V ′(φ; p)/V (φ; p) could be indepen-
dent of the free parameter p, namely p is an overall factor
in the potential, then the EOM is
φ′′(N) +
κ2
2
φ′(N)3 − 3φ′(N) + 1−
κ2
6 φ
′(N)2
κ2
3
V ′
V
(φ) = 0
(16)
In our illustrative model, one can choose the free param-
eter to be λ, and fix all other parameters in the effective
potential at their fiducial values. Now the dimensionless
EOM is
x′′(N) +
(κv)2
2
x′(N)3 − 3x′(N) + 1−
(κv)2
6 φ
′2
(κv)2
3 U(x)
dU(x)
dx
= 0
(17)
Even though the inflationary dynamics admits attractor,
solving above EOM from an arbitrarily chosen initial con-
dition
φ(Ni) = φi, φ
′(Ni) = φ′i (18)
with sufficiently large Ni does not necessarily end the
inflation exactly at N = 0, namely the the Hubble slow-
roll parameter
H(N) = − H˙
H2
=
κ2
2H2
φ˙2 =
κ2
2
φ′(N)2, (19)
can be still smaller than unity at N = 0 with solved
solution φ(N). One can either shift the solution φ(N +
Nf ) with amount Nf obtained from H(−Nf ) = 1, or
carefully increase the initial velocity φ′i until H(0) = 1.
In our illustrative model, we choose the initial conditions
Ni = 80, xi = 12, x
′
i = 0.65110936 so that the Hubble
slow-roll parameter saturates unity exactly at N = 0 as
shown in the lower left panel of Fig.1. The obtained
exact solution x(N) is presented in the upper right panel
of Fig.1.
C. Power spectrum
To fix the pivot scale of primordial fluctuations that
re-enters the Hubble horizon at last scattering surface,
we use the WMAP normalization conditions [50]
kCMB = aCMBHCMB = 0.002 Mpc
−1; (20)
As = PR|N=NCMB = 2.4× 10−10. (21)
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FIG. 1. Upper left panel: the asymptotic normalized and dimensionless part of the effective pontential with a quasi-inflection
point. Upper right panel: the exact solution of inflationary dynamics with respect to the e-folding number. Lower left panel:
the Hubble slow-roll parameter that saturates unity exactly at N = 0. Lower right panel: the power spectrum the curvature
perturbation with different reheating histories.
The first CMB normalization condition can be evalu-
ated with respect to the current Hubble scale,
kCMB
a0H0
=
aCMB
aend
aend
areh
areh
a0
HCMB
H0
. (22)
Here we adopt the fiducial value h = 0.7 for Hubble pa-
rameter, and the unit conversion 1 GeV = 2.488767 ×
1037 × 2piMpc−1, 1 Mpc−1 = 4.018054 ∗ 10−38/2piGeV.
Therefore H0 = 1.49215×10−42 GeV = 0.000233 Mpc−1.
The duration between the exit of pivot scale and the
end of inflation is denoted as NCMB, and the duration
between the end of inflation and the end of reheating is
denoted as Nreh, then
aCMB
aend
= e−NCMB ; (23)
aend
areh
= e−Nreh ; (24)
areh
a0
=
(
43
11greh
) 1
3 Tγ
Treh
, (25)
where in third line we use the conservation equation of
entropy greha
3
rehT
3
reh = gγa
3
0T
3
γ + gνa
3
0T
3
ν = (43/11)T
3
γ a
3
0
by noting that gγ = 2, gν = (7/8) × 3 × 2 = 21/4, and
T 3ν = (4/11)T
3
γ with Tγ = 2.7255 K = 2.7255× 8.61733×
10−14 GeV. The number of degrees of freedom is usually
taken as greh = 106.75.
To compute the reheating temperature in (25), one as-
sumes that the whole history during the reheating phase
can be effectively described by the e-folding number Nreh
and the effective equation-of-state (EoS) parameter wreh
[44], thus we are able to relate the reheating phase to the
inflationary phase via
ρreh =
pi2
30
grehT
4
reh; (26)
ρreh = ρend e
−3Nreh(1+wreh); (27)
ρend =
3
κ2
H(0; p)2 (28)
where the end of inflation is identified as φ(N = 0) ob-
viously. Combining the above three equations gives rise
to
Treh =
(
30
pi2greh
) 1
4
(
3
κ2
H(0; p)2e−3Nreh(1+wreh)
) 1
4
.
(29)
Therefore the first CMB normalization condition (20)
4can be expressed as
k(NCMB, p) =
e−NCMB−Nreh
(
43
11greh
) 1
3
TγH(NCMB; p)(
30
pi2greh
) 1
4 ( 3
κ2H(0; p)
2e−3Nreh(1+wreh)
) 1
4
(30)
for given solution φ(N), unknown quantities NCMB and
p as well as the reheating history Nreh and wreh. The
second CMB normalization condition can be evaluated
as
As(NCMB, p) =
1
4pi2
H(φ(NCMB); p)
2
φ′(NCMB)2
, (31)
for given solution φ(N) and unknown quantities NCMB
and p.
Now, directly solving the CMB normalization condi-
tions (30) and (31) gives rise to the e-folding number
NCMB when pivot scale exits horizon and the free pa-
rameter λ that renders observed amplitude of curva-
ture perturbation. In our illustrative model, we find
NCMB = 59.12, λ = 4.39 × 10−7 for Nreh = 0 or wreh =
1/3, and NCMB = 57.88, λ = 4.71 × 10−7 for Nreh =
5, wreh = 0, and NCMB = 56.65, λ = 5.06 × 10−7 for
Nreh = 10, wreh = 0, and NCMB = 58.50, λ = 4.54× 10−7
for Nreh = 10, wreh = 1/4. The corresponding power
spectrum of curvature perturbation is presented in the
lower right panel of Fig.1, where the peak position at
small scales is shifted to larger scale for increasing Nreh
and fixed wreh, and is shifted to smaller scale for increas-
ing wreh and fixed Nreh.
III. PRIMORDIAL BLACK HOLE
PRODUCTION
The power spectrum of curvature perturbation of our
illustrative model manifests a broad peak at small scales,
therefore the corresponding PBHs collapsed from these
primordial fluctuations at re-entry admit extended mass
fraction.
When sufficiently large density fluctuations at a certain
scale enters the Hubble horizon, PBH is thus formed as
result of the sufficient overdense region. The mass of
PBH collapsed from primordial fluctuations at re-entry is
usually approximated by the horizon mass at formation,
M formPBH = γ
4
3
piρformcrit H
−3
form = γ
4piM2Pl
Hform
, (32)
where the correction factor γ ' 0.2 [24]. It will be shown
in III A that the mass of PBH at formation is indepen-
dent from reheating history for the monochromatic case,
so is its abundance. However, the abundance of PBH
with extended mass fraction depends crucially on differ-
ent reheating histories, due to the dramatical change of
the relative abundance of each monochromatic compo-
nent of PBHs. The mass fraction is defined below.
nCMB
nPBH
Ntot
endendPBHCMB
ΔnPBH
nreh ≡ Nreh(1 - 3wreh) /4
nreh ≡ Nreh(1 - 3wreh) /4
reheating 2
reheating 1
PBH formation
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today
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FIG. 2. Schematic illustration on the insensitivity of reheat-
ing history for monochromatic PBH. The PBH mass depends
only on the Ntot−∆nPBH, which is independent of reheating
histories presented as red and purple lines, even though both
NCMB and NPBH rely on the reheating histories. It is worth
noting that the end of inflation is fixed at vanishing e-folding
N = 0.
The mass fraction of PBH βform(M) is defined as the
fraction of Universe collapsed into PBH of mass M at for-
mation, which can be regarded as the probability distri-
bution function P (δ) integrated over the density contrast
δ that is larger than a certain threshold δc. The prob-
ability distribution function of density perturbations is
usually assumed to be Gaussian, therefore the mass frac-
tion of PBH can be evaluated as
βform(M) =
∫ ∞
δc
dδ√
2piσ
e−
δ2
2σ2 =
1
2
erfc
(
δc√
2σ
)
. (33)
The variance of density perturbations σ is given by the
primordial power spectrum of curvature perturbations
via σ2 = 〈δ2〉 = PR(kNPBH) evaluated at the scale kNPBH
that re-enters the Hubble horizon at the formation of
PBH of mass M(NPBH). The variance of density per-
turbations is certainly much smaller than the threshold
of PBH formation, therefore the mass fraction of PBH is
further approximated as
βform(M) ≈ σ√
2piδc
e−
δ2c
2σ2 . (34)
A. The monochromatic case
For monochromatic case, the mass of PBH at forma-
tion is independent from reheating history. To see this,
one use the scaling relation H ∝ a− 32 (1+w) to relate the
scale factor at PBH formation with the scale factor at exit
5of primordial fluctuation with e-folding number NPBH,
aform
a(NPBH)
= e2[NPBH+
1
4Nreh(1−3wreh)] Hend
H(NPBH)
. (35)
Therefore the Hubble parameter at formation of PBH
can be related to the Hubble parameter at exit of primor-
dial fluctuation [51] via aformHform = a(NPBH)H(NPBH),
namely
Hform
H(NPBH)
= e
−2
[
NPBH+
1
4Nreh(1−3wreh)− 12 ln
H(NPBH)
H(N=0)
]
.
(36)
It is worth noting that, the combination 14Nreh(1−3wreh)
in the exponential factor in (36) can be expressed as
nreh ≡ Nreh − 1
2
ln
H(Nreh)
H(N = 0)
; (37)
= Nreh − 1
2
∫ Nreh
0
H(N)dN ; (38)
= Nreh − 1
2
∫ Nreh
0
3
2
(1 + wreh)dN ; (39)
=
1
4
Nreh(1− 3wreh). (40)
Similarly after introducing the notations
nCMB ≡ NCMB − 1
2
ln
H(NCMB)
H(N = 0)
; (41)
nPBH ≡ NPBH − 1
2
ln
H(NPBH)
H(N = 0)
, (42)
the exponential factor in (36) can be expressed as
NPBH +
1
4
Nreh(1− 3wreh)− 1
2
ln
H(NPBH)
H(N = 0)
= Ntot −∆nPBH, (43)
where the first factor
Ntot = nCMB + nreh; (44)
= ln
Tγ
H0
− ln kCMB
a0H0
+ ln
(
43
11greh
) 1
3
(
pi2greh
90
) 1
4
+
1
4
ln
(
pi2
2
rAs
)
≈ 65 + 1
4
ln (rAs) (45)
is constrained from the local large-scale physics at CMB
scale independent of small-scale physics from reheating
history, and the second factor
∆nPBH ≡ nCMB − nPBH; (46)
= NCMB −NPBH − 1
2
ln
H(NCMB)
H(NPBH)
; (47)
≡ ∆NPBH − 1
2
∫ NCMB
NPBH
H(N)dN (48)
depends only on the local shape of inflationary potential
from the CMB scale to the exit of fluctuations that later
collapse into PBHs. Therefore, the mass of monochro-
matic PBH is immune from reheating history for fixed
∆NPBH ≡ NCMB − NPBH. See the Fig.2 and the very
nice explaination in the appendix of [46] where wreh = 0
in particular. However, the situation becomes different
for PBH with extended mass fraction, because the rel-
ative abundance of each monochromatic component of
PBHs with different ∆NPBH can changed dramatically
for different reheating histories.
For monochromatic PBH, the mass fraction at forma-
tion is defined by
βform(M) =
ρformPBH(M)
ρformPBH(M) + ρ
form
rad (M)
, (49)
which is evolved to the radiation-matter equality accord-
ing to
βeq(M) =
(a−3eq /a
−3
form)ρ
form
PBH
(a−3eq /a−3form)ρ
form
PBH + (a
−4
eq /a
−4
form)ρ
form
rad
. (50)
After replacing ρformrad by (49), one obtains
βeq(M) =
1
1 +
(
1
βform(M)
− 1
)
aform
aeq
; (51)
≈ aeq
aform
βform(M), βform(M) 1, (52)
where the scale factor aeq = 1/3300 and
aform =
k(NPBH)
H(NPBH)
e2(nPBH+nreh). (53)
We will use the exact evaluation (51) instead of the ap-
proximation from small βform(M) limit. The current ob-
servations constrain the abundance of PBH with respect
to the quantity
f =
ΩeqPBH
ΩeqDM
≡ β
eq
ΩeqDM
≈ β
eq
0.42
. (54)
B. The non-monochromatic case
For non-monochromatic PBH, the mass fraction at
radiation-matter equality should be accumulated by
ΩeqPBH =
∫ Meq
Meva
dM
M
βeq(M) =
∫ Neq
Neva
dM
dN
dN
M
βeq(M(N)),
(55)
where Meva is the horizon mass of PBH at formation
that exactly evaporates away totally at radiation-matter
equality, and Meq is the horizon mass of PBH formed at
radiation-matter equality. Since the mass of PBH is a
function of the e-folding number N when the collapsed
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FIG. 3. The mass fraction of PBH in DM βeq/ΩeqDM at
radiation-matter equality for given formation threshold δc =
0.0945. The corresponding abundance of PBH in DM f =
ΩeqPBH/Ω
eq
DM varies by many orders of magnitude for different
reheating histories. The observational constraints are taken
from the extragalactic photon (EGγ [25]), femtolensing of
gamma-ray burst (Femto [52]), white dwarf explosions (WD
[53]), microlensing from Subaru Hyper Suprime-Cam (HSC
[54]), EROS [55] and MACHO [56], ultra-faint dwarfs (UFD
[57]) and CMB [58] (See also [59] for the CMB constraints on
realistic disk-accretions onto PBHs).
primordial fluctuations exit the Hubble horizon, one can
find the e-folding number Neva of exited primordial fluc-
tuations that collapse into PBH of mass Meva via
M formPBH(Neva) =
(
6× 104 yrs
2.1× 1067 yrs
) 1
3
M, (56)
and one can also find the e-folding number Neq of exited
primordial fluctuations that later collapse into PBHs of
mass Meq via
M formPBH(Neq)
M formPBH(Neva)
≡ Meq
Meva
=
Heva
Heq
=
a2eq
a2eva
; (57)
=
 aeq
k(Neva)
H(Neva)
e2(neva+nreh)
2 (58)
with
neva ≡ Neva − 1
2
ln
H(Neva)
H(N = 0)
. (59)
The abundance of PBH is then
f =
ΩeqPBH
ΩeqDM
≈ Ω
eq
PBH
0.42
, (60)
which cannot be simply compared with the current con-
straints on PBH that need to be modified for extended
mass fraction [27].
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FIG. 4. The contour plot of PBH abundance f = ΩeqPBH/Ω
eq
DM
for given formation threshold δc = 0.0945 with respect to
different reheating histories characterized by Nreh and wreh.
At last, we present our final results in Fig.3 and Fig.4.
The mass fraction of PBH in DM βeq/ΩeqDM at radiation-
matter equality is presented in Fig.3, whose peak am-
plitude and position can vary by many orders of magni-
tude for different reheating histories with fixed formation
threshold δc = 0.0945, and the corresponding abundance
of PBH in DM f = ΩeqPBH/Ω
eq
DM also varies by many or-
ders of magnitude for different reheating histories. More
specifically, both the mass fraction (peak amplitude and
position) and corresponding abundance get increased for
larger Nreh and fixed wreh, while get suppressed for larger
wreh and fixed Nreh. We further present in Fig.4 the PBH
abundance f = ΩeqPBH/Ω
eq
DM for given formation thresh-
old δc = 0.0945, which apparently varies by many orders
of magnitude with respect to different reheating histo-
ries characterized by Nreh and wreh. Here the parameter
ranges of reheating history are chosen as 0 ≤ Nreh ≤ 10
and 0 ≤ wreh ≤ 1/3 for our specific potential employed
in this work [60]. Larger values for wreh require poten-
tials dominated by higher-dimensional operators like φ6.
It is worth noting that the precise values of formation
threshold are not important for our purpose to show the
sensitivity from different reheating histories on the abun-
dance of PBH in DM.
IV. CONCLUSIONS
Recently there is a growing interest in the scenario of
PBH as DM candidate. However, the predictions from
7PBH usually vary by orders of magnitude due to some
exponential sensitivities on the model parameters, in-
cluding generation models, formation models, accretion
models and merger models. In this paper, we add an-
other layer of uncertainty on the scenario of PBH as DM,
which is the sensitivity from different reheating histories.
Although, the abundance of PBH is independent of re-
heating history for monochromatic case, the abundance
of PBH with extended mass fraction can vary many or-
ders of magnitude for different reheating histories. We
illustrate this reheating sensitivity in a simplest model of
single-field inflation with a quasi-inflection point, which
we believe is also manifest itself in other generation mod-
els of PBH, for example, double inflation model [61–63],
double inflection-point model [64], to name just a few.
It is worth noting that the reheating sensitivity shown
in this paper is different from those interesting discus-
sions where PBHs are formed during slow reheating after
inflation [65] or during matter-dominated epoch after in-
flation but before reheating [66–68].
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